We construct solutions to Sklyanin's re ection equation in the case in which the bulk Yang-Baxter solution is of Hecke algebra type. Each solution constitutes an extension of the Hecke algebra together with a spectral parameter dependent boundary operator, K( ). We solve for the de ning relations of the extension, and for the spectral parameter dependence of the boundary operator. Finding concrete matrix solutions to the re ection equation is thus reduced to the problem of constructing nite dimensional representations of the Hecke algebra extension. This problem is solved in the generic case by establishing isomorphism with an a ne Hecke algebra quotient whose representation theory is known.
Introduction
In 2D lattice statistical mechanics it is found (see Baxter 1] ) that the Yang-Baxter equations:
eq:(e1) R i ( 1 )R i+1 ( 1 + 2 )R i ( 2 ) = R i+1 ( 2 )R i ( 1 + 2 )R i+1 ( 1 ) ( 1) eq:(e1 0 ) R i ( 1 ); R j ( 2 )] = 0 i 6 = j 1 (2) are integrability conditions. However, Baxter's method of constructing commuting transfer matrices from a given solution of (1, 2) requires periodic or quasi-periodic boundary conditions. In 2] Sklyanin proposed an ingenious extension of Baxter's formalism which reconciles integrability with non-periodic boundaries -for a given solution of equations (1, 2) one looks for a boundary operator K( ) satisfying the equations: eq:(e4) R 1 ( 1 ? 2 )K( 1 )R 1 ( 1 + 2 )K( 2 ) = K( 2 )R 1 ( 1 + 2 )K( 1 )R 1 ( 1 ? 2 ) (3) eq:(e4: 2) R i ( 0 ); K( )] = 0 i 2: (4) Solutions to (1-4) may lead to an integrable model whose boundary conditions are encoded in K( ). For Sklyanin's scheme to work, R i ( ) and K( ) have to satisfy some additional conditions. In particular, the`unitarity condition on K( )' which plays a role in the present work requires:
While many solutions to (1, 2) are known, the study of (3) and (4) was less extensive (but see 2]-6] which also discuss physical properties of some of the resulting models). Recently, Zamolodchikov and Ghoshal 7] discussed the application of equations (1)- (5) to 2D integrable S-matrix theories.
In the scattering picture, R i ( ) represents a 2-particle scattering in the bulk, while K( ) represents a re ection from a wall at the boundary 3], and so eq. (3) is called the re ection equation (RE). These authors point out that the collection of all integrable boundary scattering theories which have the same bulk scattering properties is an interesting object to study (see 7] for a full discussion and motivation). In this note the problem of solving (3)-(5) for a given solution of (1,2) is studied Department of Mathematics, Ben-Gurion University, Israel y Mathematics Department, City University, Northampton Square, London EC1V 0HB, UK.
systematically in an algebraic framework. We solve for K( ) in cases for which R i ( ) is given in terms of Hecke algebra generators:
For q a scalar parameter ( we will also use q = exp(i )), denote by H n = H n (q) the A n Hecke algebra over C I(q) 10, 12] which is generated by f1; U 1 ; :::; U n?1 g satisfying :
The`Hecke bulk solution' of the Yang-Baxter Equation (YBE) (1) is then eq:(e2)
This is a regular solution in the sense that any representation of H n (including the regular representation) gives a matrix solution to (1) and (2) via (6) . Substituting (6) into (3) we obtain
eq:(e4 0 )
Let be an associative algebra over C I with basis f 1 ; 2 ; :::; d g. An algebraic solution to (1 -5) is one in which K( ) takes values in such a (c.f. equation (6)):
To satisfy (4) we require U i ; ] = 0 for i > 1. Inserting (8) into (7) and (5) we look for solutions in the form of a set of consistent independent relations between U 1 and together with constraints on the functions f ( ). The relations will de ne a new algebra A which is an extension of H n by . Thus, a Hecke algebra solution to (1 ? 5) consists of an algebra A and a function K( ) 2 A which is speci ed by a set of scalar functions f ( ). Such (A; K( )) pairs are given for d = 2 in section 2 and for arbitrary d in theorem 1 (section 3). Note that stronger algebraic relations allow relatively weaker constraints on the functions (e.g. (7) is solved by U 1 ; ] = 0 and commutative -we will call this the trivial solution). Here we look for a minimal set of relations which are su cient for a solution, and determine f ( ) for this set. Matrix solutions to (3)-(5) will thus arise from matrix representations of the H n extension. In section 4 we facilitate the complete characterization of nite dimensional representations in the generic case by establishing an isomorphism with a known a ne Hecke quotient. We conclude with a discussion of outstanding problems. 
(9) An immediate consequence of (9) is that K( 1 ); K( 2 )] = 0 for all 1 ; 2 . We assume that f 2 ( ) is not identically zero, otherwise we are dealing with a d = 1 case. Then (7) gives: (2 1 ) (11) where k is independent. The structure of the resulting Hecke extension is known (see section 4), so it only remains to solve for f ( ). Inserting (11) into (10) 
eq:(pp2)
A complete specialization of BH d n is one in which C I q; a ? ] ! C I. In certain such specializations (we discuss existence shortly) we can construct a K( ) 2 d which solves the re ection and unitarity equations. This construction is given in our main result (whose proof is by explicit calculation):
Theorem 1 Let A be some complete specialization of BH d n and w 1 ( ) a solution of (17). Then (A; K( )) is a solution of (1-5) , and leads to a K(0) which is not proportional to unity.
We next set up the mechanism to determine explicit matrix solutions. 
where E ij are the standard M N (C I) basis elements. To satisfy U i ; X] = 0 for i > 1 we take R( ) which acts non-trivially only on the rst copy of the tensor product. Furthermore, to keep our example simple, we look for a diagonal R( ). We nd that v = E 1 1 1; satisfy relations (19) provided that the parameters take the value a = q for all < . It is now possible to construct the full K( ) corresponding to this representation. One nds that this K( ) is non-degenerate only for d = 2.
Summary and Discussion
We have de ned an extension, BH d n , of the Hecke algebra H n and shown that certain specializations of it give algebraic solutions to (1) (2) (3) (4) (5) . We have also shown that BH d n and the a ne Hecke algebra quotient E d n are generically isomorphic. This result provides a complete source of generic BH d n representations which can be used to construct matrix solutions to (1) (2) (3) (4) (5) . Further physically motivated conditions on K( ) (see 2], 7]), can be incorporated as constraints on acceptable representations. We note that the same a ne Hecke algebra also provides representations for integrable statistical mechanics models with periodic boundary conditions 8].
The next step in this work is to classify solutions associated with non-faithful representations (i.e. quotients) of BH d n . It would also be interesting to study extensions of H n which are not of the form d (the most general 6-vertex solution in 5] provides an example of this type), and to construct algebraic solutions to the re ection equation for other, non-Hecke, bulk solutions.
